We present cosmological perturbation theory based on generalized gravity theories including string theory correction terms and a tachyonic complication. The classical evolution as well as the quantum generation processes in these varieties of gravity theories are presented in unified forms. These apply both to the scalar-and tensor-type perturbations. Analyses are made based on the curvature variable in two different gauge conditions often used in the literature in Einstein's gravity; these are the curvature variables in the comoving (or uniform-field) gauge and the zero-shear gauge. Applications to generalized slow-roll inflation and its consequent power spectra are derived in unified forms which include a wide range of inflationary scenarios based on Einstein's gravity and others.
I. INTRODUCTION
Cosmological linear perturbation theory [1] has central importance in the current cosmological investigations of the large-scale structure and the cosmic microwave background radiation. A rather successful scenario can be made based on Einstein's gravity with varying use of the diverse (but ordinary) fluids and fields as the energy-momentum content. Relativistic gravity theories more general than Einstein's gravity are ubiquitous in the literature; some are variants of Einstein's gravity, while others are more generalized forms with natural correction terms arising in the quantum corrections or in the attempt of unified theories such as string/M-theory program. Thus, it would be interesting to formulate corresponding cosmological perturbation analyses in these generalized forms of relativistic gravity theories. It would be naturally more interesting if we could make a unified formulation of handling the perturbations in the context of generalized theories including Einstein's theory as a case. This is our purpose of the presentation. We consider generalized forms of gravity theories expressed as actions in Eqs. (31) , (45), (74), (92), and (110).
In the literature, equations in two different gauge conditions are popularly used. In terms of the three-space curvature perturbation ', the two gauges are the comoving gauge v 0 (or, equivalently, in the minimally coupled scalar field, the uniform-field gauge 0) and the zeroshear gauge 0 conditions. As each of these two gauge conditions fixes the temporal gauge mode completely, the variables are equivalently gauge invariant and correspond to the combinations ' v (or ' ) and ' in Eq. (10) . In the presence of background curvature, we need generalization of ' v , which we call , to have the unified form, and in the case of the generalized gravity we also need generalization of ' , which we call , to have the unified form; see Eqs. (22) , (38) , (57), (84), and (100). In all the gravity theories we are considering, we can successfully present the perturbation equations in exactly the same form as in Einstein's gravity. Thus, we can present the consequent classical evolution and quantum generation processes in unified forms. Such unified analyses are practically useful to handle the structure evolution because it allows one to handle situations when one type of gravity theory switches to another type in the early universe.
In Sec. II we present our notation, summary of the gauge issue, and the fundamental equations in a gauge-ready form. In Sec. III we present the closed form equations using and , which are generalizations of ' v and ' , respectively, in the cases of the fluid, field, and generalized forms of gravity theories. In Sec. IV we present the unified form equations for all the gravity theories considered in this work and present a variety of exact and asymptotic solutions available. In Sec. V we present the quantum generation process in unified form starting from the action formulation. An exact form of inflation generated power spectrum is derived under an assumption of the background, which is quite general so that it includes various inflation scenarios suggested in the literature as cases. Thus, we present the final inflationary spectra in unified forms which can be compared with the cosmic microwave background radiation (CMB) and the large-scale structure observations. Our classical evolution and the quantum generation processes are presented for both the scalartype and the tensor-type perturbations in unified forms. In Sec. VI we summarize the new discoveries in our presentation and provide a discussion.
II. STRATEGY AND BASIC EQUATIONS

A. Notation
As the metric we consider the Robertson-Walker spacetime with the scalar-and tensor-type perturbations indicates the background comoving three-space part of the Robertson-Walker metric which is spatially homogeneous and isotropic; some of its specific representations are
where we have
The K is the sign of the three-space curvature. We ignore the vector-type perturbation (rotation) in this paper; see Sec. VI for a summary. Our metric convention follows Bardeen's [2] . Our perturbation variables have some kinematic interpretations. The kinematic quantities in the normal frame are [3] 
where we introduced
An overdot denotes time derivative based on t, H _ a a , and is a Laplacian operator based on g 3 . The , ab , and a a are the expansion scalar, shear tensor, and the acceleration vector, respectively; in the normal frame we have the vanishing rotation tensor ! 0 based on the frame vector [4] . From these we can interpret , , and ' as the perturbed shear, the perturbed expansion, and the perturbed curvature of the normal-frame vector.
As the energy-momentum tensor we consider an imperfect-fluid form including the scalar-and tensor-type perturbations 
We decompose the anisotropic stress as 1
where t is transverse and tracefree. In an ideal fluid we have e 0 and 0 t .
B. Gauge issue
Here we summarize the behaviors of our perturbation variables under the gauge transformation and our strategy of how to handle and use such degrees of freedom as an advantage. Under the gauge transformationx a x a a x e we have [2, 3] ÿ _ t ; ÿ 1 a t a a ;
where we used 0 1 a t and ; ; and are the background and perturbed part of a scalar field x; t. Thus, using instead of and individually, all our perturbation variables are spatially gauge invariant. However, all our scalar-type perturbation variables depend on the temporal gauge transformation which will be used as an advantage in our gauge-ready strategy [3] . Temporal gauge fixing condition, fixing t , applies only to the scalartype perturbation. To the linear order, we can impose any one of the following temporal gauge conditions to be valid at any spacetime point: the synchronous gauge ( 0), the comoving gauge (v 0), the zero-shear gauge ( 0), the uniform-expansion gauge ( 0), the uniformcurvature gauge (' 0), the uniform-density gauge ( 0), the uniform-pressure gauge (p 0), the uniform-field gauge ( 0). Any linear combination of these gauge conditions which can give a constraint on t can be regarded as a suitable temporal gauge condition; thus, we have an infinite number of temporal gauge conditions available. In the synchronous gauge we set 0 in all coordinate systems which leave nonvanishing t x with general dependence on the spatial coordinate [see Eq. (9)], whereas in the other gauge conditions mentioned above we have t 0 after imposing any of the temporal gauge condition in all coordinate systems, thus removing the gauge mode completely. Thus, except for the synchronous gauge condition, each of the other temporal gauge fixing conditions completely removes the temporal gauge mode. Later, we will present our fundamental set of scalartype perturbation equations in a naturally spatially gaugeinvariant form but without fixing the temporal gauge conditions. The equations will be arranged so that we can impose any of our fundamental gauge conditions easily depending on the specific problems we encounter; thus, we suggestively call our approach a gauge-ready formulation [3] .
We introduce several gauge-invariant combinations:
where =. The gauge-invariant combination ' is equivalent to in the uniform-curvature gauge which takes ' 0 as the gauge condition, etc. Using our notation for the gauge-invariant combinations, we can systematically construct and trace various gauge-invariant combinations for a given variable [3] . As in the last two examples in Eq. (10), our notation of gauge-invariant variables allows algebra connecting different expressions of the same gauge-invariant combinations. Compared with the notation used by Bardeen in 1980 [5] , ignoring the harmonic functions, we have:
Later we will use ' v (or ' ) and ' as the main variables. Considering Eqs. (4) and (6), we may regard the gauge-invariant combinations ' v and ' as the perturbed three-space curvature (') in the comoving gauge (v 0) and the zero-shear gauge (), respectively, based on the normal-frame vector field.
C. Basic equations
The background evolution is governed by
To the perturbed order, the scalar-type perturbations are described by [2, 3] 
These follow from Einstein's equations and the energy and momentum-conservation equations; Eq. (13) is a definition of , Eqs. (14)- (17) ;b 0, respectively. These equations are presented without fixing the temporal gauge condition and using the spatially gauge-invariant variables only. Thus, these are presented in a gauge-ready form which allows us to choose the temporal gauge condition depending on the situation as an advantage in handling the problem. This set of equations was first presented by Bardeen in Ref. [2] . As we are considering the most general imperfect fluid, the above equations are valid even in the context of generalized gravity theories we are considering: the fluid quantities , p, , p, pv, and can be reinterpreted as the effective fluid quantities; see Eq. (21) below and Refs. [3, 6] .
In the case of the gravitational wave, we have C
In Eqs. (12)- (20) we presented the complete sets of background and perturbed equations for a general imperfect fluid. In the case of fluid we include the most general type of imperfect-fluid contributions for both the background and perturbation. In such forms the equations are generally valid for the case of a scalar field and the other generalized gravity theories, by reinterpreting the fluid quantities as the effective fluid quantities. That is, by arranging the gravitational field equation in the following form:
we reinterpret T a b as the effective energy-momentum tensor [6] . Thus, in those generalized theories we will present only the effective fluid quantities which together with the general equations derived in the fluid in Eqs. (12)- (20) provide a complete set of equations.
III. EQUATIONS IN TWO GAUGES
A. Fluid
We introduce the Field-Shepley combination [7] ' v ÿ K=a
We can derive [8] 
Equation (23) follows from taking a time derivative of Eq. (22) and using Eqs. (13)- (16) and (19); we also need v ÿ 1 a v in Eq. (10). Equation (24) follows from Eq. (13) and using Eqs. (15) and (16) (23) and (24) to make closed form secondorder differential equations for both and ' :
In an ideal fluid we have e 0 . For a pressureless medium we have c 2 s 0; thus, instead of Eqs. (23) and (25), we have
Equations (23)- (26) show basic forms of equations valid even in the scalar field and generalized gravity theories to be considered in this paper. Unified forms will be presented in Sec. IV. In the fluid context it is often convenient to have an equation for density perturbation. The most convenient (i.e., similar to the Newtonian) form is available in the comoving gauge, thus equivalently using a gauge-invariant combination v [9] . Using Poisson's relation
which follows from Eqs. (14) and (15), Eq. (26) gives
For the tensor mode Eq. (20) gives
The fluid perturbation and the gravitational wave were studied in the context of the synchronous gauge ( 0) by Lifshitz [1] . The zero-shear gauge ( 0) to handle the gravitational potential (') and the comoving gauge (v 0) for the density perturbation () were first studied by Harrison [10] and Nariai [11] , respectively.
B. Field
We consider an action for a minimally coupled scalar field [12 -14] 
The gravitational field equation and the equation of motion are
Equations (12)- (20) remain valid with the following background and perturbed order fluid quantities:
which can be compared with the ideal fluid (thus sets e 0 ) equations in Eqs. (25) and (26) . Thus, we have an interesting conclusion: Compared with an ideal fluid, the minimally coupled scalar field effectively has c 2 s replaced by c 2 A , which becomes 1 for K 0. The c A has the role of wave speed of the perturbed field and the simultaneously excited metric; interpretation of c A as the wave speed is properly valid only for K 0. Thus, for K 0 the wave propagation speed becomes 1. In the minimally coupled scalar field c s cannot be interpreted as the wave propagation speed. This is because the scalar field has a nonvanishing entropic perturbation as in Eq. (42), and thus cannot be interpreted as an ideal fluid.
For the tensor mode, Eq. (30) remains valid in the field situation with t 0. That is, the presence of a minimally coupled scalar field (or fields) does not directly affect the equation of tensor-type perturbation.
C. Generalized f; R gravity
We consider an action [3, 6, [15] [16] [17] 
where L c represents additional correction terms to be considered in Secs. III F and III G. This action without L c includes the following gravity theories as a subset: fR gravity which includes R 2 gravity, the scalar-tensor theory which includes the Jordan-Brans-Dicke theory, the nonminimally coupled scalar field, the induced gravity, the low-energy effective action of string theory, etc.; see Ref. [17] . Although this generalized action by itself does not have much physical meaning, there are some advantages by analyzing perturbations in this general context: for example, our results will be valid considering transitions from one type of gravity theory to the other. The gravitational field equation and the equation of motion are
where
Equations (12)- (20) remain valid with the following effective fluid quantities:
We have set T m ab 0. The scalar-and tensor-type fluid quantities can be read from Eqs. (6) and (8) as
The comoving gauge (v 0) differs from the uniformfield gauge ( 0); thus, '
We have additionally located T c ab and T c terms for later consideration of the string theory correction terms in Secs. III F and III G. In this subsection we ignore these correction terms. From Eqs. (6), (50), and (53) we have 
From Eqs. (13)- (15) and Eqs. (13), (15) , and (16), respectively, we can derive
In order to derive Eqs. (58) and (59) we follow the same algebraic procedure as needed in the scalar field. By combining Eqs. (58) and (59), we have
We notice that c A can be interpreted as a wave speed of the perturbed field as well as the simultaneously excited metric; for K 0 we have
and only in this case can we properly interpret c A as the wave speed; c 2 A clearly differs from c 2 s _ p= _ . This unified result is valid for the gravities in the forms either (i) F F or (ii) F FR. In the case of f fR without the field, the results in the above remain valid with the following prescription: we remove (! as well); thus, we have E 3 2 _ F 2 , and set ' ' F . In the general case with F F; R, the situation corresponds to the two component medium; see Sec. III D.
Using
we have
As we are considering the linear theory, if the solution of one variable is known in any one gauge, solutions of all the other variables in the same gauge as well as in any other gauge can be derived easily through linear algebra; our gauge-ready form equations in Eqs. (13)- (19) and our convention of the gauge-invariant variables in Eq. (10) are useful to derive the remaining variables systematically.
For the tensor mode we have 
D. Conformal transformation
Although direct derivation of Eqs. (58) and (59) is not complicated, there is another simple way. The gravity theory in Eq. (45) can be transformed to Einstein's gravity through a conformal rescaling of the metric and rescaling of the field. The end result is Einstein's gravity with complications appearing only in the modified form of the field potential. Thus, using such transformation properties we can derive the equations in generalized gravity from equations in Sec. III B.
We have studied the conformal transformation properties in Refs. [6, 18] and in a most general form in Appendix A of Ref. [15] . Under the conformal transformation,ĝ
with
Equation (45) transforms to Einstein's gravity with a modified potentialV 1
The form of d implies that, in order to have Einstein's gravity with one minimally coupled scalar field, we need a certain condition on the form of f; R. We need either f FR or a pure fR gravity without the field; if we 
where 8GF
The following variables are invariant under the conformal transformation:
where k is the comoving wave number with ÿk 2 in the Fourier space. It would be a trivial exercise to derive Eqs. From this result we can draw an important conclusion that the power spectra (both amplitudes and spectral slopes) based on ' and C derived in the context of any given frame is valid in any other frame. However, for the two other types of gravity theories to be considered in the following subsections, we have no such transformation property available. We have to derive the equations directly from the gravity theories and equations of motion. The same algebraic procedures needed for the scalar field also apply to these gravity theories in a rather exact manner.
E. Tachyonic generalization
We consider an action [19] 
where X 
and R and R are given in Eqs. (51) and (52). The equation of motion gives
We have located T c ab and T c terms for later consideration of the string theory correction terms. In the following, we ignore the correction terms. From Eqs. (6), (50), and (53) we have
We assume F F. From Eq. (83) we notice that the uniform-field gauge differs from the comoving gauge. Instead of Eq. (38), we introduce a more generalized form
where is the same as in Eq. (57). From Eqs. (13)- (15) and Eqs. (13), (15), and (16), respectively, we can derive
Equation (65) 
For the tensor mode, Eq. (66) remains valid exactly.
F. String corrections
We consider an action in Eq. (45) with the following additional corrections in the action [20, 21] : 
To the perturbed order, assuming K 0, we have 
and R and R are given in Eqs. (51) and (52). In this and the next subsections, for simplicity, we assume K 0; we believe it is possible, though perhaps tedious, to derive corresponding equations for general K in similar forms. We introduce
From Eqs. (13)- (15) and Eqs. (13), (15) , and (16), respectively, we have
By combining Eqs. (101) and (102), we have
A closed form second-order equation in terms of was derived in Refs. [20, 21] . Using Eq. (64), we have
Notice that the presence of any c i terms affects c A in nontrivial ways.
For the tensor mode, we have [20, 21] 
This equation is valid for general algebraic function of f; R. From this wave equation we can read that c T has a role of the gravitational wave propagation speed. c T is affected by the presence of the c 1 and c 2 correction terms only.
G. String-axionic correction
We consider an action in Eq. (45) with the following additional correction term [22] :
where RR abcd R ab ef R cdef with abcd a totally antisymmetric Levi-Civita tensor density. Corrections to the gravitational field equation and the equation of motion are 
Assuming K 0, the only nonvanishing contribution is
and we introduced a 4 0 , which is based on g 3 . Thus, the string-axion correction term RR does not affect the background equations nor the scalar-type perturbation. Thus, Eqs. (57)-(65) in the generalized f; R gravity remain valid. It affects, however, the tensor mode, and the ; component of the field equation, or Eqs. (20), (50), and (53), give
This equation is more general than the one derived in Ref. [22] ; it includes our generalized gravity coupling f; R in its most general algebraic form. We expand [23, 24 ]
where e ' is the circular polarization tensor (' L; R) with the property ik e
( L ÿ1 and R 1). We have
To make this equation similar to the other gravity theories, we may set h 'k . We notice that the presence of a string-axionic correction term leads to asymmetric generation and evolution of the two polarization states of gravitational wave. However, the wave propagation speed remains c A 1.
Thus, it can be absorbed to Eq. (124) as a unified form. We summarize various coefficients in the gravitational wave in Table II . Equations (124) and (127) in the context of Einstein's gravity are the starting point of diverse analyses in the context of inflationary structure generation based on quantum fluctuations. In this work we have shown that these equations are generally valid in a wide variety of gravity theories we are considering.
vk; z c v
where we assumed c A constant.
Although expressed in general forms, considering the complications in c 2
A for the field and generalized gravities, these solutions in (1) and (2) are properly applicable for K 0. We present the coefficients and definitions used in our unified formulations of the scalar-type perturbation in Secs. IV and V. We introduce 
The roles reverse in the collapsing phase. In a collapsing phase the d mode rapidly grows and unambiguously becomes singular as the background approaches a singularity [25] . 
We have 
The normalization is still arbitrary; see Eq. (141) for a normalization assuming the vacuum expectation value. According to the prescription in Eq. (126), the above solution for applies to the gravitational wave as well; see Eq. (150) for proper normalization.
V. QUANTUM GENERATION: UNIFIED FORM
A. Quantization
The perturbed action becomes [13, 26] 2 S 1 2
The mode expansion iŝ
The conjugate momentum is @L=@ _ az 2 _ . The quantization condition x; t; x 0 ; t i 3 x ÿ x 0 gives x; t; _ x 0 ; t i=az 2 3 x ÿ x 0 , which leads to the Wronskian condition
If the background satisfies Eq. (133), we have Eqs. (135) and (136) 
which is valid for < 
B. Power spectra
The seed generation process involves three steps. Table I for the tensor-type perturbation (gravitational wave). In the cases of the string corrections and the string axion, we assume K 0; for c 2 T we present results assuming K 0.
Fluid, field
f; R gravity, tachyonic String corrections String axion
(1) We evaluate the power spectrum based on a vacuum expectation value introduced as 
To include the general vacuum dependence, we should multiply for the scalar-type perturbation
For 0 we have an additional 2 lnc A kjj factor. For the tensor-type perturbation, we have Ĉ and we need an additional 2 p factor [24] , with c T replacing c A ; thus,
To include the general vacuum dependence, we should multiply 1 2
' ; indicate two polarization states. For 0 we have an additional 2 lnc A kjj factor. In the case of string-axionic correction, which will affect only the gravitational wave, we need to handle the case separately. We have
(2) In the superhorizon scale we identify [29] P P ; (3) The growing modes of are conserved while in the large-scale limit. Thus, the final classical power spectra of the large-scale structure and the gravitational wave P is the same as the P generated from the quantum fluctuations in the early universe.
Spectral indices are defined as
thus,
Assuming the simplest vacuum state, i.e., c 2 1 and c 1 0, etc., we have
In the case of near Harrison-Zel'dovich spectra (n S ÿ 1 ' 0 ' n T ), the quadrupole anisotropy of the CMB becomes
which is valid for K 0 ; for a general situation with nonvanishing we need numerical treatment; see Ref. [30] . The ratio between two types of perturbations is
From Eqs. (147) and (150) we have
Therefore, if the background evolution during the quantum generation stage satisfies Eq. (133), we can read the power spectra (both scalar and tensor types) using Eqs. (141) and (146). In the large-scale limit we have the power spectra in Eqs. (147) and (150). The spectral indices (slopes) and the ratio of amplitudes are presented in Eqs. (158) and (161). The contribution to the quadrupole angular anisotropy can be estimated using Eq. (159). We emphasize that all our results in Secs. IV and V are generally valid in our generalized gravity theories in unified forms.
The four-year Cosmic Background Explorer [31] data with a n 1 power-law fit give
In the string-axionic correction term, we have
Therefore, in the slow-roll limit i 1 we have the tensortype perturbation suppressed compared with the scalartype perturbation. In the string corrections and the tachyonic correction we have nontrivial wave propagation speed c A (see Table I ; in the string correction case we have nontrivial c T as well; see Table II ) and the resulting scalar to tensor ratio r 1 could depend on the specific realization of the background evolution during the quantum generation stage. The result can be read from Eq. (178) in the slow-roll limit, or Eq. (161) in the more general situation satisfying only Eq. (133).
VI. DISCUSSION
Considering our own publications on the subject, perhaps it would be useful to make clear the new points made in this work. Equations in terms of and for the generalized gravity theories in Eqs. (58), (59), (85), (86), (101), and (102) and the corresponding second-order equations in terms of in Eqs. (62), (90), and (105) are new. We have extended results in Secs. III C and III E to the situation with general background curvature. Also, Sec. III G is more general by considering general coupling of the field with gravity. We stress that the analyses in Secs. IV and V are made in unified forms applicable to all the generalized gravity theories we have considered.
Notice that our f; R gravity includes R 2 gravity as a simple case. Although the R 2 term in the action leads to a higher-order gravity theory, we have shown that we can derive second-order perturbation equations for the scalarand tensor-type perturbations in the context of fR gravity. We have investigated the roles of the R ab R ab correction term separately in Ref. [36] ; in four-dimensional spacetime, due to the Gauss-Bonnet theorem, R 2 and R ab R ab terms are complete fourth-order contributions by the pure curvature corrections to quadratic order. Contrary to R 2 gravity, the R ab R ab term leads to fourth-order differential equations for both scalar-and tensor-type perturbations; see [36] .
No rotational mode (vector-type perturbation) is directly excited by the presence of generalized forms of the scalar field and the scalar curvature; this is true even in the case of R ab R ab gravity [36] . This is because the evolution of rotational perturbation is simply described by the momentumconservation equation of the additional fluid part energymomentum tensor, T b m;b 0. In this work, we have considered only a singlecomponent situation. In the multicomponent situation, our basic set of equations in Eqs. (12)- (19) remains valid, with the fluid quantities interpreted as the sum over the individual fluid quantities including fields. In order to describe the dynamics of the individual fluid or field component, we additionally need the conservation equations of the individual energy-momentum tensor or the equation of motion. Such equations in Einstein's gravity limit and in the generalized f; R gravity are presented in Refs. [3, 15, 37] , respectively. Extensions to more general situations with L c can be made similarly by considering the multiple fluids and fields in T m ab in Eqs. (46) and (75). We emphasize that most of our equations and analyses made in this work are independent of the specific scenarios of the universe and, thus, can be applied to the spatially homogenous and isotropic Friedmann world models based on our gravity theories. In a classic paper on the CMB anisotropies Sachs and Wolfe [38] mentioned that ''the linear perturbations are so surprisingly simple that a perturbation analysis accurate to second order may be feasible . . ..'' Considering our unified formulation of perturbations in such a wide variety of gravity theories, the linear perturbations can perhaps be described as ''surprisingly simple'' indeed. Related to the second part of the statement, an accurate result in second-order perturbation can be found in our recent work in Ref. [39] .
